Abstract. We develop an invariant local theory of Lorentz surfaces in pseudo-Euclidean 4-space by use of a linear map of Weingarten type. We find a geometrically determined moving frame field at each point of the surface and obtain a system of geometric functions. We prove a fundamental existence and uniqueness theorem in terms of these functions. On any Lorentz surface with parallel normalized mean curvature vector field we introduce special geometric (canonical) parameters and prove that any such surface is determined up to a rigid motion by three invariant functions satisfying three natural partial differential equations. In this way we minimize the number of functions and the number of partial differential equations determining the surface, which solves the Lund-Regge problem for this class of surfaces.
Introduction
In pseudo-Euclidean spaces there are two types of surfaces according to their induced metric -Riemannian or Lorentz metric. In the present paper we study Lorentz surfaces in pseudo-Euclidean space E 4 2 . Recently, many classification results for Lorentz surfaces in pseudo-Euclidean spaces have been obtained imposing some extra conditions on the mean curvature vector, the Gauss curvature, or the second fundamental form.
In [15] B.-Y. Chen obtained several classification results for minimal Lorentz surfaces in indefinite space forms. In particular, he completely classified all minimal Lorentz surfaces in a pseudo-Euclidean space E m s with arbitrary dimension m and arbitrary index s. A natural extension of minimal surfaces are quasi-minimal (or marginally trapped) surfaces -these are surfaces whose mean curvature vector is lightlike at each point of the surface. Quasi-minimal surfaces in pseudo-Euclidean space have been very actively studied in the last few years. In [4] B.-Y. Chen classified quasi-minimal Lorentz flat surfaces in E 4 2 and gave a complete classification of biharmonic Lorentz surfaces in E 4 2 with lightlike mean curvature vector. Several other families of quasi-minimal surfaces have also been classified. For example, quasi-minimal surfaces with constant Gauss curvature in E 4 2 were classified in [5, 21] . Quasi-minimal Lagrangian surfaces and quasi-minimal slant surfaces in complex space forms were classified, respectively, in [16] and [19] . The classification of quasi-minimal surfaces with parallel mean curvature vector in E 4 2 is obtained in [18] . In [25] the classification of quasi-minimal rotational surfaces of elliptic, hyperbolic or parabolic type is given. For an up-to-date survey on quasi-minimal surfaces, see also [6] .
A Lorentz surface of an indefinite space form is called parallel if its second fundamental form is parallel with respect to the Van der Waerden-Bortolotti connection. Parallel surfaces are important in differential geometry as well as in physics since extrinsic invariants of such surfaces do not change from point to point. Parallel Lorentz surfaces in four-dimensional Lorentzian space forms were studied by B.-Y. Chen and J. Van der Veken in [20] . An explicit classification of parallel Lorentz surfaces in the pseudo-Euclidean space E 4 2 , in the pseudo-hyperbolic space H 4 2 (−1), and in the neutral pseudo-sphere S 4 2 (1) is given by Chen et al. in [17] , [9] , and [10] , respectively. The complete classification of parallel Lorentz surfaces in a pseudo-Euclidean space with arbitrary codimension and arbitrary index is obtained in [11] .
Another basic class of surfaces in Riemannian and pseudo-Riemannian geometry are the surfaces with parallel mean curvature vector field, since they are critical points of some natural functionals and play important role in differential geometry, the theory of harmonic maps, as well as in physics. Surfaces with parallel mean curvature vector field in Riemannian space forms were classified in the early 1970s by Chen [2] and Yau [32] . Recently, spacelike surfaces with parallel mean curvature vector field in arbitrary indefinite space forms were classified in [7] and [8] . A complete classification of Lorentz surfaces with parallel mean curvature vector field in arbitrary pseudo-Euclidean space E m s is given in [12] and [22] . A survey on classical and recent results concerning submanifolds with parallel mean curvature vector in Riemannian manifolds as well as in pseudo-Riemannian manifolds is presented in [13] .
A natural extension of the class of surfaces with parallel mean curvature vector field are surfaces with parallel normalized mean curvature vector field. A surface M in a Riemannian manifold is said to have parallel normalized mean curvature vector field if the mean curvature vector H is non-zero and the unit vector in the direction of the mean curvature vector is parallel in the normal bundle [3] . The condition to have parallel normalized mean curvature vector field is weaker than the condition to have parallel mean curvature vector field. It is known that every surface in the Euclidean 3-space has parallel normalized mean curvature vector field but in the 4-dimensional Euclidean space, there exist abundant examples of surfaces which lie fully in E 4 with parallel normalized mean curvature vector field, but not with parallel mean curvature vector field.
In [3] it is proved that every analytic surface with parallel normalized mean curvature vector in the Euclidean space E m must either lie in a 4-dimensional space E 4 or in a hypersphere of E m as a minimal surface. Spacelike submanifolds with parallel normalized mean curvature vector field in a general de Sitter space are studied in [30] . It is shown that compact spacelike submanifolds whose mean curvature does not vanish and whose corresponding normalized vector field is parallel, must be, under some suitable geometric assumptions, totally umbilical.
In the present paper we study the local theory of Lorentz surfaces with parallel normalized mean curvature vector field in the pseudo-Euclidean space E 4 2 . Our approach to the study of these surfaces is based on the introduction of canonical parameters.
In Section 3 we develop an invariant theory of Lorentz surfaces in E 4 2 similarly to the theory of surfaces in the Euclidean space E 4 and the theory of spacelike surfaces in the Minkowski space E 4 1 . We introduce an invariant linear map γ of Weingarten-type in the tangent plane at any point of the surface, which generates two invariant functions k = det γ and κ = − 1 2 trγ. In the case κ 2 − k > 0 we introduce principal lines and a geometrically determined moving frame field at each point of the surface. Writing derivative formulas of Frenet-type for this frame field, we obtain a system of geometric functions and prove a fundamental existence and uniqueness theorem, stating that these functions determine the surface up to a rigid motion in E We focus our attention on the class of surfaces with parallel normalized mean curvature vector field. We introduce canonical parameters on each such surface that allow us to formulate the fundamental existence and uniqueness theorem in terms of three invariant functions. Our main result states that any Lorentz surface with parallel normalized mean curvature vector field is determined up to a rigid motion in E 4 2 by three invariant functions satisfying a system of three natural partial differential equations (Theorem 6.5). This theorem solves the Lund-Regge problem for the class of surfaces with parallel normalized mean curvature vector field in E 4 2 .
Preliminaries
We consider the pseudo-Euclidean 4-dimensional space E is an open part of a pseudo-Euclidean linear subspace of E 
Using c k ij we introduce the following functions:
be a smooth change of the parameters (u, v) on M 2 with J = uū vv − uv vū = 0. Then
If E = zū, zū , F = zū, zv and G = zv, zv , then we get (k = 1, 2), and hence∆
Thus we find that the functions L, M , N are expressed as follows:
Hence, the functions L, M, N change in the same way as the coefficients of the first fundamental form E, F, G under any change of the parameters on M If we take a vector field X ∈ T p M 2 1 , such that X = λz u + µz v =λzū +μzv, then λ = uūλ + uvμ, µ = vūλ + vvμ. So, for each two tangent vector fields X 1 = λ 1 z u + µ 1 z v and X 2 = λ 2 z u + µ 2 z v we can consider the quadratic form with coefficients L, M, N and we have the following equality:
The last formula allows us to define second fundamental form II of the surface M
Further we will show that the functions L, M, N do not depend on the choice of the normal frame of the surface. Let { n 1 , n 2 } be another normal frame field of M 2 1 , such that n 1 , n 1 = 1, n 1 , n 2 = 0, n 2 , n 2 = −1. The relation between the two normal frame fields is given by n 1 = ε ′ (cosh θ n 1 + sinh θ n 2 );
for some smooth function θ, and the relation between the corresponding functions c
Thus,
So, the functions L, M, N do not depend on the normal frame of the surface. Hence, the second fundamental form II is invariant up to the orientation of the tangent space or the normal space of the surface.
Such a bilinear form has been considered for an arbitrary 2-dimensional surface in a 4-dimensional affine space A 4 (see for example [1, 27, 31] ). Here we use this form for Lorentz surfaces in E 4 2 and taking into consideration also the first fundamental form we develop the theory of Lorentz surfaces similar to the theory of surfaces in E 4 and E
We call such points flat points of the surface since they are analogous to flat points in the theory of surfaces in R 3 . In [27] and [28] such points are called inflection points. E. Lane has shown that every point of a surface is an inflection point if and only if the surface is either developable or lies in a 3-dimensional space [27] . So, further we consider surfaces free of flat points, i.e. we assume that (L, M, N) = (0, 0, 0).
The second fundamental form II determines a map of Weingarten-type γ :
in the standard way:
The linear map γ is invariant under changes of the parameters of the surface and changes of the normal frame field. In general, γ is not diagonalizable.
As in the classical differential geometry of surfaces the map γ generates the following invariants:
The functions k and κ are invariant under changes of the parameters of the surface and changes of the normal frame field. Next we shall prove the following: Proof: The curvature tensor R ⊥ of the normal connection D is given by
where x, y are tangent vector fields and n is a normal vector field of M 1 is defined by R ⊥ (x, y)n 2 , n 1 , where {x, y, n 1 , n 2 } is a right oriented orthonormal quadruple.
Without loss of generality we assume that F = 0 and take x, y to be the unit vector fields in the direction of z u and z v , i.e.
Denote by A 1 (resp. A 2 ) the shape operator corresponding to n 1 (resp. n 2 ). Since the curvature tensor R ′ of the connection ∇ ′ is zero, we have
Therefore the tangent component and the normal component of R ′ (x, y)n 1 are both zero.
The left-hand side of the last equality is R ⊥ (x, y)n 1 . Then
Further we consider the operator
For the second fundamental tensor σ we have: (6) σ(x, x) =Taking in mind (7) we get: 
The last equalities imply that:
is an invariant skew-symmetric operator in the tangent space, i.e. it does not depend on the choice of the orthonormal tangent frame field {x, y}.
Finally, from (5) and (8) we get that R ⊥ (x, y)n 1 , n 2 = −κ. Consequently,
The second fundamental form determines conjugate tangents at a point p of M 2 1 in the same way as in the classical differential geometry of surfaces. Definition 3.2. Two tangents g 1 : X 1 = λ 1 z u + µ 1 z v and g 2 : X 2 = λ 2 z u + µ 2 z v are said to be conjugate tangents, if
Asymptotic tangents and principal tangents can be defined in the standard way: Definition 3.3. A tangent g : X = λz u +µz v is said to be asymptotic, if it is self-conjugate. Definition 3.4. A tangent g : X = λz u + µz v is said to be principal, if it is perpendicular to its conjugate.
The equation of the asymptotic tangents at a point
The equation of the principal tangents at a point
1 is said to be an asymptotic line, respectively a principal line, if its tangent at any point is asymptotic, respectively principal.
In the theory of surfaces in E 4 and the theory of spacelike surfaces in E 4 1 equation (9) always has solutions since the discriminant of (9) is greater or equal to zero. So, at each point of a surface in E 4 (or a spacelike surface in E (9) depends on the sign of the invariant κ 2 − k. Indeed, it can easily be seen that the discriminant D of (9) is expressed as
In the case κ 2 − k > 0 at each point of the surface there exist two principal tangents. This case corresponds to the case when the map γ is diagonalizable. If κ 2 − k > 0 we can assume that the parametric lines of the surface are principal. It is clear that M The normal mean curvature vector field of the surface is H = 1 2 trσ = 1 2 (σ(x, x) − σ(y, y)). Proof: Without loss of generality we assume that F = 0 and take x, y to be the unit vector fields defined by Now, if H = 0 then (10) implies
Recall that
where ρ is a function on M . Further, the equality
Hence, equalities (10) hold. Consequently, tr σ = 0, i.e. H = 0.
The meaning of the above proposition is that in E Further, we consider surfaces free of umbilical (minimal)
where ν 1 and ν 2 are functions on M 2 1 . Hence, the mean curvature vector field H is expressed as follows:
We have the following possibilities for the mean curvature vector field:
If the mean curvature vector is lightlike at each point, i.e. H = 0 and H, H = 0, the surface M 2 1 is quasi-minimal. In what follows we study surfaces free of minimal points and such that the mean curvature vector H is either spacelike or timelike at each point. We call such surfaces Lorentz surfaces of general type.
4.2.
Lorentz surfaces whose mean curvature vector at each point is a non-zero spacelike vector. In this subsection we consider the case H, H > 0. In order to obtain a geometrically determined frame field at each point p of M and σ(y, y). Further we consider the unit normal vector field l such that {x, y, b, l} is a positively oriented orthonormal frame field in E 4 2 . So, l, l = −1. In such a way we obtain a geometrically determined moving frame field at each point of the surface. With respect to this frame field the following formulas are true:
where ν 1 , ν 2 , λ, µ are functions on M 2 1 determined by the geometric frame field as follows:
Now with respect to the geometric frame field {x, y, b, l} we have the following Frenet-type derivative formulas of M 2 1 :
where
The mean curvature vector field is expressed as
4.3.
Lorentz surfaces whose mean curvature vector at each point is a timelike vector. In this subsection we consider the case H, H < 0. Now we set the unit normal
. In this case we have b, b = −1. Taking the normal unit vector field l in such a way that {x, y, l, b} be a positively oriented orthonormal frame field in E 4 2 , we get a geometrically determined orthonormal frame field at each point of the surface. Note that l, l = 1. The Frenet-type derivative formulas of the surface look as follows:
where ν 1 , ν 2 , λ, µ, γ 1 , γ 2 , β 1 , β 2 are determined by the geometric moving frame field in the same way as in the previous case. In this case the mean curvature vector field H is expressed by the formula
4.4.
Fundamental theorem for Lorentz surfaces of general type. The general fundamental existence and uniqueness theorems for submanifolds of pseudo-Riemannian manifolds are formulated in terms of tensor fields and connections on vector bundles (e.g. [14] , Theorem 2.4 and Theorem 2.5). In [23] we formulated and proved a fundamental theorem in terms of the geometric functions of a spacelike surface in R 4 1 whose mean curvature vector at any point is a non-zero spacelike vector or timelike vector. In [24] we proved the fundamental existence and uniqueness theorem for marginally trapped surfaces in terms of their geometric functions. Here we shall formulate and prove the fundamental existence and uniqueness theorem for Lorentz surfaces in E 4 2 of the general class. This theorem is a special case of the general fundamental theorem but in the present form it is more appropriate and easier to apply.
The Frenet-type formulas given in (11) and (12) for the case of spacelike and timelike mean curvature vector field, respectively, can be unified as follows:
where ε = 1 in the case H, H > 0 and ε = −1 in the case H, H < 0. In both cases
Taking into account that R ′ (x, y, x) = 0, R ′ (x, y, y) = 0, R ′ (x, y, b) = 0, and using derivative formulas (13) we get the following integrability conditions: (14) 2µ γ 2 − ε λ β 1 + ε ν 1 β 2 = x(µ);
Having in mind that x = z u √ E , y = z v √ −G , we can write the integrability conditions in the following way:
It is clear that if µ u µ v = 0, then we can express the functions √ E and √ −G in the following way:
The condition µ u µ v = 0 is equivalent to (2µ γ 2 −ε λ β 1 +ε ν 1 β 2 )(2µ γ 1 +ε ν 2 β 1 −ε λ β 2 ) = 0. 
be an orthonormal frame at a point p 0 ∈ E Proof. We consider the following system of partial differential equations for the unknown vector functions
Using matrices A and B we can rewrite system (16) in the form:
The integrability conditions of system (17) are
where a j i and b j i are the elements of the matrices A and B. Using (15) we obtain that equalities (18) 
, which satisfy system (16) and the initial conditions
We shall prove that the vectors x(u, v), y(u, v), b(u, v), l(u, v) form an orthonormal frame in E 4 2 for each (u, v) ∈ D 1 . Let us consider the following functions: (16) , for the derivatives of ϕ i we obtain the following system:
where α 
By the use of (15) and (16) we get that the integrability conditions z uv = z vu of system (19) are fulfilled. Hence, there exist a subset D 0 ⊂ D 1 and a unique vector function z = z(u, v), defined for (u, v) ∈ D 0 and satisfying z(u 0 , v 0 ) = p 0 . Consequently, the surface M
Basic classes of Lorentz surfaces characterized in terms of their geometric functions
Further we shall give expressions for the Gauss curvature K and the invariant functions k and κ.
We use that for pseudo-Riemannian submanifolds the Gauss curvature is given by the following formula:
x, x y, y − x, y 2 .
Since x, x = 1, y, y = −1, x, y = 0, from (13) we get the following expression for the Gauss curvature:
The curvature of the normal connection is expressed in terms of the geometric functions µ, ν 1 , and ν 2 by the next formula:
The invariant function k, generated by the Weingarten map γ according to the formula
Since we consider Lorentz surfaces for which κ 2 − k > 0, equalities (21) and (22) imply that µ = 0 and ν 1 = ν 2 .
The next statements follow directly from formulas (20) and (21). Now we shall characterize some basic classes of surfaces satisfying special conditions on the mean curvature vector field. It follows from (13) that the mean curvature vector field H is expressed by the formula:
Hence, the length of the mean curvature vector field is:
Proposition 5.5. Let M Using (23) and (13) we get that
The last equalities imply that H is parallel in the normal bundle (i.e. DH = 0 holds identically) if and only if β 1 = β 2 = 0 and ν 1 − ν 2 = const. So, the next statement holds true.
Proposition 5.6. Let M The notion of allied mean curvature vector field is extended by S. Haesen and M. Ortega to the case when the normal space is a two-dimensional Lorentz space [26] .
In the following proposition we characterize non-trivial Chen surfaces in E 
where A b and A l are the shape operators corresponding to b and l, respectively. Using equalities (13) we obtain
Hence, tr(A b • A l ) = −2λµ. Now applying (24) and using (23), we get Note that the condition to have parallel normalized mean curvature vector field is weaker than the condition to have parallel mean curvature vector field. In what follows we shall study Lorentz surfaces with parallel normalized mean curvature vector field, but not with parallel mean curvature vector field, i.e. β 1 = β 2 = 0, H = const. For these surfaces we shall introduce canonical parameters. (13) we obtain that the geometric functions γ 1 , γ 2 , ν 1 , ν 2 , λ, µ, β 1 , β 2 of the surface satisfy the integrability conditions given in formulas (14) . Putting β 1 = β 2 = 0 in (14), we get (25) 2µ γ 2 = x(µ);
The first and second equalities of (25) It is clear that the canonical parameters are determined locally up to an orientation. (25) hold. Since µ = 0, from the fifth equality of (25) we get that ν 1 + ν 2 = 0. Hence, the normal connection of the surface is κ = 0, i.e. M The third and fourth equalities of (25) imply the following partial differential equations for the functions λ, µ, and ν: ν u = −λ v + λ(ln |µ|) v ;
The last equality of (25) The meaning of Theorem 6.5 is that any Lorentz surface of general type with parallel normalized mean curvature vector field is determined up to a rigid motion in E 4 2 by three invariant functions λ, µ, ν satisfying the following system of three natural partial differential equations:
Remarks:
• The introducing of canonical parameters on a Lorentz surface with parallel normalized mean curvature vector field allows us to minimize the number of invariants and the number of partial differential equations which determine the surface. This solves the problem of Lund-Regge for the class of Lorentz surfaces with parallel normalized mean curvature vector field.
• With respect to canonical parameters the coefficients of the first fundamental form and the coefficients of the second fundamental tensor are expressed in terms of the invariants of the surface.
